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1
$\mathrm{H}$ 1 $\mathrm{E}$ ( $\dim \mathrm{E},$ codimE)
$\mathrm{H}$ 2 $\mathrm{E}$ $\mathrm{F}$
$\mathrm{H}$ $\mathrm{E}$ $\mathrm{F}$ 2-subspaces
H=(E\cap F)\oplus (E\cap Fl)\oplus (El\cap F)\oplus (El\cap F\perp )\oplus ( )
$E=(E\cap F)\oplus(E\cap F^{[perp]})\oplus 0\oplus 0\oplus Im(\begin{array}{ll}\mathrm{l} 00 0\end{array})$
$F=(E\cap F)\oplus 0\oplus(E^{[perp]}\cap F)\oplus 0\oplus Im(\begin{array}{ll}c^{2} cscs s^{2}\end{array})$
unitary
\leftarrow \leftarrow 2 $e=Proj(E),$ $f=Proj(F)$
$(\mathrm{E}, \mathrm{F})$ symmetry $(2e-1,2f-1)$
2 $’\supset$ $\mathbb{Z}/2\mathbb{Z}*\mathbb{Z}/2\mathbb{Z}=G_{2}$ unitary
1250 2002 56-71
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3 \emptyset $G_{n}--\mathbb{Z}/2\mathbb{Z}*\cdots*\mathbb{Z}/2\mathbb{Z}$ type I non-
amenable unitary
unitary $’\supset$
($D$ $\text{ }$ \emptyset
$\mathrm{H}$ $E_{1},$ $E_{2},$ $\cdots,$ $E_{n}$
$S=(H;E_{1},$ $\cdots$ , E\mapsto n-subspace
system $\text{ }$ $\text{ }$ $\text{ }$ unitary
Ll
$2^{\vee}\supset \text{ }\mathrm{n}$-subspace system $S=(H;E_{1}, \cdots, E_{n})$ $S’=(H’;E_{1}’, \cdots, E_{n}’)$
$S$ $S’$ ( ) $(S\cong S’)$
$T:Harrow H’$ $T(E_{i})=E_{i}’(\forall i=1, \cdots, n)$
L2
$\mathrm{K}$ $\mathrm{A}\in \mathrm{B}(\mathrm{K})$ A
4-subspace system $S_{A}=(H;E_{1}, \cdots, E_{4})$
$H=K\oplus K,$ $E_{1}=K\oplus 0,$ $E_{2}=0\oplus K,$ $E_{3}=\{(x\oplus Ax)|x\in K\}$ ,
$E_{4}=\{(x\oplus x|x)\in K\}$ .
$A,$ $B\in B(K)$ $A\cong B$ (similar),
$V\in B(K)$ ( ) $VAV^{-1}=B$
$S_{A}\cong S_{B}$ { ( , $S_{A}\cong S_{B}$
$T\in B(K\oplus K)$ $T(E_{i})=E_{i}(i=1, \cdots, 4)$ $T(E_{1})=E_{1}$
$T(K\oplus 0)=K\oplus 0$ $(\begin{array}{ll}T_{1} T_{3}T_{4} T_{2}\end{array})$ $(\begin{array}{ll}T_{1} T_{3}0 T_{2}\end{array})$
$T(E_{2})=E_{2}$ $T(0\oplus K)=0\oplus K$ $(\begin{array}{ll}T_{1} 00 T_{2}\end{array})$
$T(E_{4})=E_{4}$ $T(x\oplus x)--y\oplus y$ $T_{1}x\oplus T_{2}x=y\oplus y$
$T_{1}x=T_{2}x$ $T_{1}=T_{2}$ $V$ $(V\oplus V)(E_{3})=E_{3}$
$(V\oplus V)(x\oplus Ax)=Vx\oplus VAx=(y\oplus By)$ $BVx=VAx$
$B=VAV^{-1}$ 4-subspace systems (
operators similarity
L3
$\mathrm{n}$-subspace systems $S$ $S’$ similar ( { )
$S$ $S’$ $\pi_{\mathrm{S}}$ $\pi_{\mathrm{S}’}$ similar
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$\mathrm{n}$-subspace systems building block
indecomposable
1.4
2 $\mathrm{n}$-subspace systems $S=(H;E_{1},$ $\cdots$ , E\mapsto $S’=(H’;E_{1}’, \cdots, E_{n}’)$
$S\oplus S’=(H\oplus H’;E_{1}\oplus E_{1}’, \cdots, E_{n}\oplus E_{n}’)$
L5
$\mathrm{n}$-subspace system $S$ decomposable system
2 $\mathrm{n}$-subspace systems $S_{1}$ S2 $S\cong S_{1}\oplus S_{2}$
$S$ decomposable $\wedge^{\backslash }\backslash$
L6
$S=(H;E_{1},$ $\cdots$ , E\mapsto decomposable [
$H_{1}\neq(0),$ $H_{2}\neq(0)$
$H_{1}+H_{2}=H,$ $H_{1}\cap H_{2}=(0),$ $E_{i}=E_{i}\cap H_{1}+E_{i}\cap H_{2}(\forall i=1, \ldots, n)$
1.7




$S=(H;E_{1},$ $\cdots$ , E\mapsto $S’=(H’;E_{1}’, \cdots, E_{n}’)$ 2 $’\supset \text{ }$ n-
subspace systems $P_{i}=Proj(E_{i}),$ $P_{i}’=Proj(E_{i}’)$ ($\forall i=1,$ $\ldots$ , n)
$a\in B(H, H’)$




2 $\mathrm{n}$-subspace system $S=(H;E_{1},$ $\cdots$ , E\mapsto $S’=(H’;E_{1}’, \cdots, E_{n}’)$
$S$ $S’$ quasi $(S\sim S’)$ $T\in$
$B(H, H’),$ $S\in B(H’, H)$ $KerT=KerS=0$ $\overline{R(T)}=$
$H’,$ $\overline{R(S)}=H$ , $T(E_{i})\subset E_{i}’(\forall i=1, \ldots, n),$ $S(E_{i}’)\subset E_{i}(\forall i=1, \ldots, n)$ ,
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1.10








indecomposable $\mathrm{n}$-subspace systems $\mathrm{n}=4$
(1) $\mathrm{n}=1$
$S\cong(H;E_{1}),$ $dimH=1$ $dimE_{1}=0$ 1
(2) $\mathrm{n}=2$
$S\cong$ ( $H;E_{1}$ , E2), $dimH=1$ $dimE_{i}=0$ 1 $(i=1,2)$
(3) $\mathrm{n}=3$
$S\cong$ ( $H;E_{1},$ $E_{2}$ , E3), $dimH=1$ $dimE_{i}=0$ 1 $(i=1,2,3)$
$S\cong(\mathbb{C}\oplus \mathbb{C};\mathbb{C}(1\oplus 0), \mathbb{C}(0\oplus 1),$ $\mathbb{C}(1\oplus 1))$
$\mathrm{n}=4$ Gelfand Ponomarev I 4-subspace systems $S$ (
defect $\rho(S)$
$\rho(S)=\sum_{i=1}^{4}dimE_{i}-2dimH$ .







$\{e_{i}, f_{i}\},$ $i=1,$ $\cdots,$ $k$ $H$ CO$NS$
(a 1) defect (-1)
$H=[e_{1}, \cdots, e_{k}, f_{1}, \cdots, f_{k}]$ ,
$E_{1}=[e_{1}, \cdots, e_{k}],$ $E_{2}=[f_{1}, \cdots, f_{k}],$ $E_{3}=[e_{2}+f_{1}, \cdots, e_{k}+f_{k-1}]$ ,
$E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ ,
(a 2) defect $(+1)$
$H=[e_{1}, \cdots, e_{k}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}],$ $E_{2}=[f_{1}, \cdots, f_{k}],$ $E_{3}=$
$[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k}+f_{k-1}), f_{k}],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ .
(a 3) defect 0 ( )
$H=[e_{1}, \cdots, e_{k}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}],$ $E_{2}=[f_{1}, \cdots, f_{k}],$ $E_{3}=$
$[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k}+f_{k-1})],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ .
(a 4) defect 0 ( $\lambda$ )
( $\lambda\in \mathbb{C},$ $\lambda\neq 0,1$ ). $H=[e_{1}, \cdots, e_{k}, f_{1}, \cdots, f_{k}],$ $E_{1}=$
$[e_{1}, \cdots, e_{k}],$ $E_{2}=[f_{1}, \cdots, f_{k}],$ $E_{3}=[(e_{1}+\lambda f_{1}),$ $(e_{2}+f_{1}+\lambda f_{2}),$ $\cdots,$ $(e_{k}+$
$f_{k-1}+\lambda f_{k})],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ .
(b) $\mathrm{H}$
$\{e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}\}$ , $\mathrm{H}$ CONS
( $\mathrm{b}$ 1) defect (-1)
$H=[e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}],$ $E_{2}=[f_{1}, \cdots, f_{k}]$
$,$
$E_{3}=[(e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ .
( $\mathrm{b}$ 2) defect $(+1)$
$H=[e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}],$ $E_{2}=[f_{1}, \cdots, f_{k}]$
, $E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}, e_{k+1}]$ .
( $\mathrm{b}$ 3) defect 0 .
$H=[e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}],$ $E_{2}=[f_{1}, \cdots, f_{k}]$
, $E_{3}$ $=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})],$ $E_{4}=[e_{1}+f_{1}, \cdots, e_{k}+f_{k}]$ .
( $\mathrm{b}$ 4) defect (-2)
$H=[e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}],$ $E_{2}=[f_{1}, \cdots, f_{k}]$ ,
$E_{3}=[(e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})],$ $E_{4}=[e_{1}+f_{2}, \cdots, (e_{k-1}+f_{k}), (e_{k}+e_{k+1})]$ .
( $\mathrm{b}$ 5) defect $(+2)$
$H=[e_{1}, \cdots, e_{k}, e_{k+1}, f_{1}, \cdots, f_{k}],$ $E_{1}=[e_{1}, \cdots, e_{k}, e_{k+1}],$ $E_{2}=[f_{1},$ $\cdots$
$,$
$f_{k},$ $e_{k+1}],$ $E_{3}=[e_{1}, (e_{2}+f_{1}), \cdots, (e_{k+1}+f_{k})],$ $E_{4}=[f_{1},$ $(e_{1}+f_{2}),$ $\cdots$
, $(e_{k-1}+f_{k}),$ $(e_{k}+e_{k+1})]$ .
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(Gelfand Ponomarev )
Gelfand Ponomarev $\mathrm{n}$-subspace systems $S=$
( $H;E_{1},$ $\cdots$ , E\mapsto 2 $\Phi^{+}$ $\Phi^{-}$
$\mathrm{n}$-subspace systems $S$ $\mathrm{n}$-subspace systems $S^{+}=\Phi^{+}(S)$
, $S^{-}=\Phi^{-}(S)$ $\Phi^{+}$ $\Phi^{-}$
(1) $\mathrm{n}$-subspace systems $S$ indecomposable $\Phi^{+}(S)$
$\Phi^{-}(S)$ ( indecomposable
(2) $S$ indecomposable $S\neq 0,$ $\Phi^{+}(S)\neq 0(resp.\Phi^{-}(S)\neq 0)$
$\Phi^{-}\Phi^{+}(S)$ (resp. $\Phi^{+}\Phi^{-}(S)$ ) $\cong S$
(3) $S$ indecomposable $S\neq 0,$ $\Phi^{+}(S)\neq 0(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}.\Phi^{-}(S)\neq 0)$
$\rho(S)=\rho(\Phi^{+}(S))(resp.\rho(S)=\rho(\Phi^{-}(S))$
(4) $S$ indecomposable $\rho(S)<0$ $\exists\ell\geq 1$
$(\Phi^{+})^{l-1}(S)\neq 0,$ $(\Phi^{+})^{l}(S)=0$ $S\cong(\Phi^{-})^{l-1}(\Phi^{+})^{\ell-1}(S)$
(5) $S$ indecomposable $\rho(S)>0$ . $\exists\ell\geq 1$
$(\Phi^{-})^{l-1}(S)\neq 0$ , (\Phi -)l(S)=0 $S\cong(\Phi^{+})^{l-1}(\Phi^{-})^{l-1}(S)$
( $\Phi^{+},$ $\Phi^{-}$ $\rho(S)\neq 0$ indecomposable
4subspace system
2.1
$\rho(S)\neq 0$ $\Phi^{\pm}(S)=0$ indecomposable 4
subspace systems $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\rho(S)=0$ $\Phi^{\pm}$
$\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\rho(S)=0$
2.2
$S$ indecomposable 4-subspace system $\rho(S)=0$
$S$ , $E$ $F$
$A$ : $Earrow F,$ $B$ : $Farrow E$ bounded linear
map $H=E\oplus F,$ $E_{1}=E\oplus 0,$ $E_{2}=0\oplus F$ ,
$E_{3}=\{(x\oplus Sx)|x\in E\},$ $E_{4}=\{(Ty\oplus y)|y\in F\}$ $S=$
$(H;E_{1}, \ldots, E_{4})$
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$S=(H;E)$ ( $S$ indecomposable [ [ $\dim \mathrm{H}$
$=1$ $S\cong(H;E),$ $dimH=1$ $\dim \mathrm{E}$
$=0$ 1.
(2) $\mathrm{n}=2$
$S=(H;E, F)$ $S$ indecomposable
$\mathrm{E}$ $\mathrm{F}$ 2-subspaces method
$E=(E\cap F)\oplus Im(\begin{array}{ll}\mathrm{l} 00 0\end{array})$ \oplus (E\cap Fl)\oplus 0E\perp oF\oplus 0E\perp oF
$F=(E\cap F)\oplus Im(\begin{array}{ll}c^{2} cscs s^{2}\end{array})$ \oplus 0E\cap F\perp \oplus (El\cap F)\oplus 0E\perp \cap F
indecomposable $ffi^{/}\star$ 1 generic position
$\mathrm{c}$ $\mathrm{s}$ generic position
( $\mathbb{C}\oplus \mathbb{C}$ $S\cong(\mathbb{C}\oplus \mathbb{C};E, F)$
decomposable 2-subspace system $S$ indecomposable
( $S\cong$ ( $H;E_{1}$ , E2) $dimH=1$ $dimE_{i}=0$ 1
$(\mathrm{i}=1,2)$
(3) $\mathrm{n}=3$
3-subspace system $S=$ ( $H;E_{1}$ , E2, $E_{3}$ ) indecomposable
$dimH<\infty$ [ $S\cong(H;E_{1}, E_{2}, E_{3})$ , $\dim \mathrm{H}=1$ $dimE_{i}$
$=0$ 1 $(\mathrm{i}=1,2,3)$ ( $S\cong(\mathbb{C}\oplus \mathbb{C};\mathbb{C}(1\oplus 0), \mathbb{C}(1\oplus 0),$ $\mathbb{C}(1\oplus 1))$
$dimH=\infty$ indecomposable





(1) $S=$ ( $H;E_{1},$ $E_{2}$ , E3) $K$ , $A$
$K$ (un)bounded linear operator $dimK\geq 2$
$H=K\oplus K,$ $E_{1}=K\oplus 0$ , $E2=0\oplus K,$ $E_{3}=\{(x\oplus Ax)|x\in D(A)\}$ .
(2) (C. Davis ) $S=$ ( $H;E_{1}$ , E2, $E_{3}$ ) $\mathrm{H}$
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, $H=[e_{1}, f_{1}, e_{2}, .f_{2}, \cdots]$ , ( $\{e_{i}, f_{i}\},$ $i=1,2,$ $\cdots$
, $\mathrm{H}$ CONS ).
$g_{n}=(cos\theta_{n})e_{n}+(sin\theta_{n})f_{n},$ $n=1,2,$ $\cdots,$ $\theta_{n}=\frac{\pi}{2n+1}$ .
$E_{1}=[e_{1}, e_{2)}e_{3}, \cdots],E_{2}=[g_{1},g_{2}, \cdots]$ ,




$S=$ ( $H;E_{1},$ $E_{2}$ , E3) indecomposable 3-subspace systems
$E_{i}\neq$ (0), $H(\forall i=1,2,3)$ $E_{k}\cap E\ell=0,$ $(\forall k,$ $\ell=$
1,2,3, $k\neq\ell$ ).
3.3
$S=$ ( $H,\cdot E_{1},$ $E_{2}$ , E3) indecomposable 3-subspace systems
$H=E_{1}+E_{2},$ $E_{1}\cap E_{2}=(0)$ .
$S$ indecomposable systems
3.4




$K$ , $S$ un ateral shift
system indecomposable
$H=K\oplus K,$ $E_{1}=K\oplus 0$ , $E2=0\oplus K,$ $E_{3}=\{(x\oplus Sx)|x\in K\}$ ,






$S=(H;E_{1},$ $\ldots$ , E\mapsto
$H=E_{i}+E_{j},$ $E_{i}\cap Ej=(0),$ $\forall(i,j)\in\{(1,2), (2,3), (1,4)\}$ .
$A\in B(H)$ $AE_{1}\subset E_{2},$ $AE_{2}\subset E_{1}$
$\{(x_{1}+Ax_{1})|x_{1}\in E_{1}\}=E_{3},$ $\{(Ax_{2}+x_{2})|x_{2}\in E_{2}\}$ $=E_{4}$
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2.






$(III)E_{3}\subset E_{1}$ $E_{4}\subset E_{2}$
3.
unilateral shift $S$ 4-subspace system 1
system (Ill)
4.
unilateral shift $S$ 4-subspace system
$A\in B(H)$ $A^{2}|_{E_{1}}$ $A^{2}|_{E_{2}}$
indecomposable
( 4 )
Beurling unilateral shift invariant subspace $M$
inner function $\theta$ ( $M=\theta H^{2}$ decomposable
4defects defects
Gelfand Ponomarev 4-subspace sys-








$S=(H;E_{1}, \cdots, E_{n})$ $\mathrm{n}$-subspace systems $T_{ij}$ : $E_{i}\oplus E_{j}arrow$
$H(i,j=1, \cdots, n)$
$T_{ij}(x_{i}\oplus x_{j})=x_{i}+x_{j}$
$S$ Fredholm system (resp. weak Fredholm system) $T_{ij}(\forall i,j=$
$1,$
$\ldots,$





$S=(H;E_{1}, \ldots, E_{4})$ 4-subspace system
Gelfand-Ponomarev defect $\rho(S)=\mathrm{o}\mathrm{u}\mathrm{r}$ defect $\rho(S)$
4.4
$S=(H;E_{1}, \ldots, E_{4})$ $\mathrm{n}$-subspace system $KerT_{ij}\cong$
$(E_{i}\cap E_{j})$ , $KerT_{ij}^{*}\cong((E_{i})^{[perp]}\cap(E_{j})^{[perp]})(\forall i,j=1, \ldots, n)$
indecomposable 4-subspace systems





$\mathrm{K}$ $\ell^{2}(\mathrm{N})$ $\mathbb{T}=\{z\in \mathbb{C}||z|=1\}$
$\alpha\in \mathbb{C}$ $\alpha\not\in \mathrm{T}\mathrm{U}(\mathrm{T}+1)$ $S$ $\mathrm{K}$ unilateral





$E_{3}=\{(x\oplus(S+\alpha)x)|x\in K\},$ $E_{4}=\{(x\oplus x)|x\in K\}$
{S\mbox{\boldmath $\alpha$}} ( ) indecom-
posable Fredholm 4-subspace system
. $\rho(S_{\alpha})=\{\begin{array}{l}-2/3\mathrm{i}\mathrm{f}(|\alpha|<\mathrm{l},|\alpha-\mathrm{l}|<\mathrm{l})-\mathrm{l}/3\mathrm{i}\mathrm{f}(|\alpha|<\mathrm{l},|\alpha-\mathrm{l}|>\mathrm{l})-\mathrm{l}/3\mathrm{i}\mathrm{f}(|\alpha|>\mathrm{l},|\alpha-\mathrm{l}|<\mathrm{l})0\mathrm{i}\mathrm{f}(|\alpha|>\mathrm{l},|\alpha-\mathrm{l}|>\mathrm{l})\end{array}$
4.7
(defects(-n/3) indecomposable 4-subspace systems )
$K$ $\{u_{i}\}_{i\geq 1}$ CONS
4-subspace systems $S=(H;E_{1}, \ldots, E_{4})$ [ indecomposable
defects I $(-n/3)$
$H=K^{n}\oplus K^{n}$ $E_{1}=K^{n}\oplus 0,$ $E_{2}=0\oplus K^{n}$ ,
$E_{3}=[(u_{i}, 0, \cdots, 0)\oplus(u_{i+1},u_{i}, 0, \cdots, 0)$ ,
$(0, u_{i}, 0, \cdots, 0)\oplus(0, u_{i+1}, u_{i}, 0, \cdots,0),$ $\cdots$ ,
$(0, 0, \cdots, 0, u_{i})\oplus(0,0, \cdots, 0, u_{i+1})|i\in \mathrm{N}]$ ,
$E_{4}=[x\oplus x|x\in K^{n}]$ .
5bounded operator systems in-
decomposable systems
4-subspace system bounded operators
5.1
4-subspace system $S=(H;E_{1}, \ldots, E_{4})$ $K_{1},$ $K_{2}$
$S\in B(K_{1}, K_{2}),$ $T\in B(K_{2}, K_{1})$
$H=K_{1}\oplus K_{2}$ ,
$E_{1}=K_{1}\oplus 0,$ $E_{2}=0\oplus K_{2},$ $E_{3}=\{(x\oplus Sx)|x\in K_{1}\}$ ,
$E_{4}=\{(Ty\oplus y)|y\in K_{2}\}$
system $S=(H;E_{1}, \ldots, E_{4})$
, bounded operator system
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5.2




(bounded operator systems )
4-subspace system $K$ $\{e_{i}\}_{i=-\infty}^{\infty}$
CONS $\alpha>1$ (w \sim
$w_{i}=\{\begin{array}{l}\mathrm{l}e^{(-\alpha)^{i}}\mathrm{i}\mathrm{f}i\geq \mathrm{l}\end{array}$
if $i\geq 0$ ,
shift $V_{\alpha}$
$V_{\alpha}e_{i}=w_{i}e_{i+1}(i\in \mathbb{Z})$




$E_{3}=\{(x\oplus V_{\alpha}x)|x\in D(V_{\alpha})\}$ ,
$E_{4}=\{(x\oplus x)|x\in K\}$
4-subspace systems ( )
( indecomposable 4-subspace systems
4-subspace systems I bounded operator systems ( )
{




system $K$ $\ell^{2}(\mathbb{Z})$ $K$ CONS $(e_{i})_{i_{arrow-\infty}^{-}}^{\infty}$.




$E_{3}=\{(x\oplus Vx)|x\in K\}$ ,
$E_{4}=[(e_{i}\oplus e_{i})|i\neq 0]$
4-subspace system $S=(H;E_{1}, \ldots, E_{4})$ ( decompos-
able
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$\{e_{i}, f_{i}|i\geq 1\}$ $H$ CONS
$H=[e_{i}, f_{i}|i\geq 1],$ $E_{1}=[e:|i\geq 2]$ , $E2=[f_{i}|i\geq 1]$ ,
$E_{3}=[e_{i}+f_{i}|i\geq 1],$ $E_{4}=[e_{1}+e_{2}, e_{i+2}+f_{i}|i\geq 1]$ ,
system $S=(H;E_{1}, \ldots, E_{4})$ decomposable
bounded operator system
6Gelfand Ponomarev $\Phi^{+}$ $\Phi^{-}$
Gelfand Ponomarev $\Phi^{+}$ $\Phi^{-}$
$S=$ $(H;E_{1}, \ldots, E_{4})$ $\mathrm{n}$-subspace system $R=\oplus_{i=1}^{n}E_{i}$
$\tau$ : $Rarrow H$ $\tau(x_{1}, \cdots, x_{n})=\sum_{=1}^{n}\dot{.}x_{i}$ $H^{+}=Ker\tau$
$E_{k}^{+}=\{x=(x_{1}, \cdots, x_{k-1},0_{k}, x_{k+1}, \cdots, x_{n})|\tau(x)=0\}$.
$\Phi^{+}$
6.1
$\Phi^{+}(S)=(H^{+} ; E_{1}^{+}, \ldots, E_{n}^{+})$ $\Phi^{+}(S)$ $S^{+}$
6.2
(1) $S\cong(\mathbb{C};\mathbb{C}, 0,0)$ $S^{+}\cong(0;0,0,0)$
(2) $S\cong(\mathbb{C}^{2};\mathbb{C}\oplus 0,0\oplus \mathbb{C})$ $S^{+}\cong(0;0,0)$
(3) $S\cong(\mathbb{C};\mathbb{C}, \mathbb{C}, 0)$ $S^{+}\cong(\mathbb{C};0,0, \mathbb{C})$
(4) $S=(H;E_{1}, \cdots, E_{4})\cong(\mathbb{C}^{3};\mathbb{C}(1\oplus 0\oplus 0), \mathbb{C}(0\oplus 1\oplus 0)$,










$S=(H;E_{1},$ $\ldots$ , E\mapsto $\mathrm{n}$-subspace system $S^{-}=\Phi^{-}(S)$
$S^{-}=\Phi^{-}(S)=\Phi^{[perp]}\Phi^{+}\Phi^{[perp]}(S)$
6.5
(1) $S=(\mathbb{C};0,0,0)$ $S^{-}\cong(\mathbb{C}^{2};\mathbb{C}(1\oplus 0), \mathbb{C}(0\oplus 1),$ $\mathbb{C}(1\oplus 1))$
(2) $S=(\mathbb{C};0,0,0,0)$ $S^{-}\cong(\mathbb{C}^{3};\mathbb{C}(1\oplus 0\oplus 0), \mathbb{C}(0\oplus 1\oplus 0)$ ,
$\mathbb{C}(0\oplus 1\oplus 1),$ $\mathbb{C}(1\oplus 0\oplus 1))$
$\Phi^{+}$ $\Phi^{-}$
6.6




$S=(H;E_{1}, \ldots, E_{n})$ $\mathrm{n}$-subspace system $S$ strongly
reduced above (SRA) $\sum_{i=1,i\neq k}^{n}E_{i}=$
$H(\forall k=1, \cdots, n)$
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$S=(H;E_{1}, \ldots, E_{n})$ $\mathrm{n}$-subspace system $S$ closed image
property(CIP)
$p_{k}$ : $R=\oplus_{i=1}^{n}E_{i}arrow 0\oplus E_{k}.\oplus 0$ (projection),
$r:R=\oplus_{i=1}^{n}E_{i}arrow H^{+}$ (projection),
$e_{i}$ : H\rightarrow Ei(projectio\rightarrow
(1) $Im(rp_{k})$ closed
(2) $\{(e_{1}x, \cdots, e_{n}x)\in R|x\in H\}$ closed
6.9
$S=(H;E_{1}, \ldots, E_{n})$ $\mathrm{n}$-subspace system $S$ (CIP)
$\mathrm{n}$-subspace system $S$ (WCIP)
69
$\sim-\emptyset\mu \mathrm{g}_{\backslash }\Phi^{+}\ \Phi^{-}\emptyset\Re \mathrm{X}\backslash :\uparrow\not\subset\hslash\grave{\grave{1}}_{\backslash }$ $\mathit{1}\backslash R\emptyset\ddagger\check{\prime J}[] \mathrm{z}ffi^{\backslash }\mathfrak{h}\underline{\backslash }" L^{\vee\supset_{\mathrm{o}}}$
6.10
(1) $S$ $\mathrm{n}$-subspace system $S$ (SRA)
(WCIP) $\Phi^{-}\Phi^{+}(S)\cong S$




$S(\neq 0)$ indecomposable $\mathrm{n}$-subspace system
( )
$S$ , (S+) (SRA) (WCIP)
$S^{+}$ indecomposable
6.12
$S(\neq 0)$ [ indecomposable $\mathrm{n}$-subspace system
( )




$\{e_{n}, f_{n}\}_{n=1,2},\cdots$ $H$ CONS
$g_{n}=(cos \frac{1}{n})e_{n}+(sin\frac{1}{n})f_{n}$
$M=[e_{n}|n\in \mathrm{N}],$ $N=[g_{n}|n\in \mathrm{N}],$ $H=[e_{n}, f_{n}|n\in \mathrm{N}]$
$p=Proj(M)$ , $q=Proj(N)$
$L=$ { $((p(x),$ $q\{x))|x\in H\}$ [ closed } 4‘
$\Phi^{\pm}(S)$ indecomposable
6.14
$\mathrm{K}$ $\ell^{2}(\mathrm{N})$ $S$ $K$ tinilateal
shift $\alpha\in \mathbb{C}$ 4-subspace systems $S_{\alpha}$ [
indecomposable systems










$S=(H_{7}. E_{1}, \ldots, E_{4})$ 4-subspace system $K$
, $T,$ $S\in B(K)$ $H=K\oplus K$ ,
$E_{1}=K\oplus 0$ ,
$E_{2}=0\oplus K$ ,
$E_{3}=\{(x\oplus Tx)|x\in K\},$ $E_{4}=\{(Sy\oplus y)|y\in K\}\}$
$S$ Fredholm system $S,$ $T$ , (ST-l)




$S=(H;E_{1}, \ldots, E_{4})$ $K$ , $T\in B(K)$
$H=K\oplus K,$ $E_{1}=K\oplus 0,$ $E_{2}=0\oplus K,$ $E_{3}=\{(x\oplus Tx)|x\in K\}$ ,
$E_{4}=\{(y\oplus y)|y\in K\}$
$\rho(S^{+})=\rho(S)$
[1] Y.Watatani: Relative positions of four subspaces in aHilbert space
and subfactors, (to appear in aconference report).
[2] I $.\mathrm{M}$ .Gelfand and $\mathrm{V}.\mathrm{A}$.Ponomarev: Problems of linear algebra and clas-
sification of quadruples of subspaces in afinite dimensional vector
space, Coll Math.Soc.Ianos Bolyai 5, Hilbert space operators, Tihany
(Hungary) 1970,163-237 (in English).
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